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COMPACTNESS IN FUNCTION SPACES
LˇUBICA HOLA´ AND DUSˇAN HOLY´
Abstract. Let X be a locally compact topological space, (Y, d) be a bound-
edly compact metric space and LB(X, Y ) be the space of all locally bounded
functions from X to Y . We characterize compact sets in LB(X, Y ) equipped
with the topology of uniform convergence on compacta. From our results we
obtain the following interesting facts for X compact:
• If (fn)n is a sequence of uniformly bounded finitely equicontinuous func-
tions of Baire class α from X to R, then there is a uniformly convergent
subsequence (fnk )k ;
• If (fn)n is a sequence of uniformly bounded finitely equicontinuous lower
(upper) semicontinuous functions from X to R, then there is a uniformly con-
vergent subsequence (fnk )k ;
• If (fn)n is a sequence of uniformly bounded finitely equicontinuous qua-
sicontinuous functions from X to Y , then there is a uniformly convergent
subsequence (fnk )k .
1. Introduction
The Arzela`-Ascoli theorem is a well known and fundamental result of mathemat-
ical analysis concerning compactness of a family of real-valued continuous functions
defined on a closed and bounded interval equipped with the topology of uniform
convergence. It claims: If a sequence (fn)n of continuous real-valued functions de-
fined on [0, 1] is uniformly bounded and equicontinuous then there is a subsequence
(fnk)k which is uniformly convergent. The converse is also true. The notion of
equicontinuity was introduced by the Italian mathematicians Cesare Arzela` [1, 2]
and Giulio Ascoli [3].
In our paper we introduce the notion of finite equicontinuity as a key notion to
characterize compact subsets of the space of locally bounded functions equipped
with the topology of uniform convergence on compacta. In the class of continuous
functions the notions of equicontinuity and finite equicontinuity coincide.
We apply our results to the space of functions of Baire class α, quasicontinuous,
cliquish, upper semicontinuous, lower semicontinuous, etc.
In [18] Ascoli-type theorem for quasicontinuous locally bounded functions was
studied and in [14] we proved Ascoli-type theorems for quasicontinuous subcontinu-
ous functions. In [16] we studied compact subsets of quasicontinuous functions and
in [15] compact subsets of minimal usco and minimal cusco maps equipped with
the topology of uniform convergence on compact sets. Notice that some relative
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results using quasicontinuous and subcontinuous selections can be found in [18].
Ascoli-type theorems for so-called densely continuous forms and locally bounded
densely continuous forms were proved in [19] and [26].
Here is the main result of our paper:
Let X be a locally compact space, (Y, d) be a boundedly compact metric space,
LB(X,Y ) be the space of locally bounded functions from X to Y and τUC be the
topology of uniform convergence on compact sets. A subfamily E of the space
LB(X,Y ) is compact in (LB(X,Y ), τUC) if and only if E is closed, pointwise
bounded and finitely equicontinuous.
2. Characterization of compactness in function spaces
In what follows let N be the set of natural numbers, R be the space of real
numbers with the usual metric.
Let X be a topological space, (Y, d) be a metric space and F (X,Y ) be the space
of all functions from X to Y .
The open d-ball with center z0 ∈ Y and radius ε > 0 will be denoted by S(z0, ε)
and the ε-parallel body
⋃
a∈A S(a, ε) for a subset A of Y will be denoted by S(A, ε).
The closed d-ball with center z0 ∈ Y and radius ε > 0 will be denoted by B(z0, ε).
We will define the topology τp of pointwise convergence on F (X,Y ). The topol-
ogy τp of pointwise convergence on F (X,Y ) is induced by the uniformity Up of
pointwise convergence which has a base consisting of sets of the form
W (A, ε) = {(f, g) : ∀ x ∈ A d(f(x), g(x)) < ε},
where A is a finite subset of X and ε > 0. The general τp-basic neighborhood of
f ∈ F (X,Y ) will be denoted by W (f,A, ε), i.e. W (f,A, ε) =W (A, ε)[f ].
W (f,A, ε) = {g ∈ F (X,Y ) : d(f(x), g(x)) < ε for every x ∈ A}.
We will define the topology τUC of uniform convergence on compact sets on
F (X,Y ). This topology is induced by the uniformity UUC which has a base con-
sisting of sets of the form
W (K, ε) = {(f, g) : ∀ x ∈ K d(f(x), g(x)) < ε},
where K is a compact subset of X and ε > 0. The general τUC -basic neighbor-
hood of f ∈ F (X,Y ) will be denoted by W (f,K, ε), i.e. W (f,K, ε) =W (K, ε)[f ].
W (f,K, ε) = {g ∈ F (X,Y ) : d(f(x), g(x)) < ε for every x ∈ K}.
Finally we will define the topology τU of uniform convergence on F (X,Y ). Let
̺ be the (extended-valued) metric on F (X,Y ) defined by
̺(f, g) = sup{d(f(x), g(x)) : x ∈ X},
for each f, g ∈ F (X,Y ). Then the topology of uniform convergence for the space
F (X,Y ) is the topology generated by the metric ̺.
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Definition 2.1. Let X be a topological space and (Y, d) be a metric space. We
say that a subset E of F (X,Y ) is finitely equicontinuous at a point x of X provided
that for every ε > 0, there exists a finite family B of subsets of X such that ∪B is
a neighbourhood of x and such that for every f ∈ E , for every B ∈ B and for every
p, q ∈ B, d(f(p), f(q)) < ε. Then E is finitely equicontinuous provided that it is
finitely equicontinuous at every point of X .
If f is a function from a topological space X to a metric space (Y, d), we say
that f is locally bounded, if for every x ∈ X there is an open set U ⊂ X , x ∈ U
such that f(U) = {f(u) : u ∈ U} is a bounded subset of (Y, d).
Denote by LB(X,Y ) the space of all locally bounded functions from a topological
space X to a metric space (Y, d).
Remark 2.2. It is easy to verify that LB(X,Y ) is a closed subset of (F (X,Y ), τU )
and if X is locally compact, then LB(X,Y ) is also a closed set in (F (X,Y ), τUC).
Remark 2.3. Notice that if X is a topological space, (Y, d) is a metric space and
E ⊂ F (X,Y ) is finitely equicontinuous, then E ⊂ LB(X,Y ).
Proposition 2.4. Let X be a topological space and (Y, d) be a metric space. If E
is finitely equicontinuous subset of C(X,Y ), then E is equicontinuous.
Proof. Let x ∈ X and let ε > 0. Since E is finitely equicontinuous, there exists a
finite family B of nonempty subsets of X such that ∪B is a neighborhood of x and
such that for every f ∈ E , for every B ∈ B and for every p, q ∈ B, d(f(p), f(q)) < ǫ2 .
Without loss of generality we can suppose that x ∈ B for every B ∈ B. We will
show that for every z ∈ ∪B and for every f ∈ E , d(f(x), f(z)) < ǫ.
Let z ∈ ∪B and let f ∈ E . There is B ∈ B such that z ∈ B. There is
a neighbourhood U of x such that d(f(x), f(s)) < ǫ/2 for every s ∈ U . Since
U ∩B 6= ∅, d(f(x), f(z)) < ǫ. 
Lemma 2.5. Let X be a topological space and (Y, d) be a metric space. Let E
be a finitely equicontinuous subset of F (X,Y ). Then the closure of E relative to
the topology τp of pointwise convergence is also finitely equicontinuous subset of
F (X,Y ).
Proof. Let x ∈ X and let ε > 0. Since E is finitely equicontinuous at x, there exists
a finite family B of subsets of X such that ∪B is a neighbourhood of x and such
that for every f ∈ E , for every B ∈ B and for every p, q ∈ B, d(f(p), f(q)) < ε3 .
Let f ∈ E . There is a net {fσ : σ ∈ Σ} ⊂ E pointwise convergent to f . Let B ∈ B
and p, q ∈ B. There is σ ∈ Σ such that d(f(p), fσ(p)) <
ε
3 and d(f(q), fσ(q)) <
ε
3 .
Then
d(f(p), f(q)) ≤
≤d(f(p), fσ(p)) + d(fσ(p)), fσ(q)) + d(fσ(q)), f(q)) <
<
ε
3
+
ε
3
+
ε
3
= ε.

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Proposition 2.6. Let X be a topological space and (Y, d) be a metric space such
that every bounded set is totally bounded. If E is a finitely equicontinuous subset of
F (X,Y ) and f is locally bounded, then E ∪ {f} is finitely equicontinuous.
Proof. Let x ∈ X and let ε > 0. Since E is finitely equicontinuous at x there exists a
finite family B = {B1, B2, ..., Bn} of subsets of X such that ∪B is a neighbourhood
of x and such that for every g ∈ E , for every B ∈ B and for every p, q ∈ B,
d(g(p), g(q)) < ε. Let U be a neighbourhood of x such that U ⊂ ∪B and f(U) is
bounded. Fix an element y0 of Y and let r > 0 be such that the set f(U) is a subset
of the closed ball B(y0, r). Let V1, V2, ..., Vm be a finite open cover of B(y0, r)
where radius of members of this cover is less than ε. For every j ∈ {1, 2, ..., m}
put Hj = f
−1(Vj). Then H = {Hj : j ∈ {1, 2, ..., m}} is a finite family of
subsets of X where U ⊂ ∪H. For every i ∈ {1, 2, ..., n}, j ∈ {1, 2, ..., m} put
Di,j = Bi ∩Hj .
Denote byD the family containing all nonempty setsDi,j where i ∈ {1, 2, ..., n}, j ∈
{1, 2, ..., m}. Since U ⊂ ∪B and U ⊂ ∪H, we have that ∪D is a neighbourhood
of x. Evidently for every g ∈ E ∪ {f}, for every D ∈ D and for every p, q ∈ D,
d(g(p), g(q)) < ǫ. 
Lemma 2.7. Let X be a topological space and (Y, d) be a metric space. Let {fσ :
σ ∈ Σ} be a net in F (X,Y ) pointwise convergent to f ∈ F (X,Y ) and let the set
{fσ : σ ∈ Σ} be finitely equicontinuous. Then {fσ : σ ∈ Σ} converges to f also in
(F (X,Y ), τUC).
Proof. Let {fσ : σ ∈ Σ} be a net in F (X,Y ) which τp-converges to f ∈ F (X,Y ).
We claim that {fσ : σ ∈ Σ} converges to f also in (F (X,Y ), τUC). If not there
exists a compact set A in X and ǫ > 0 such that {fσ : σ ∈ Σ} is not residually in
W (A, 2ǫ)[f ].
For every σ ∈ Σ there is βσ ≥ σ and xσ ∈ A such that d(f(xσ), fβσ(xσ)) > ǫ.
Let x be a cluster point of {xσ : σ ∈ Σ}.
By Lemma 2.5 the family E = {fσ : σ ∈ Σ} ∪ {f} is finitely equicontinuous.
There is a finite family B of nonempty subsets ofX such that ∪B is a neighbourhood
of a and for every h ∈ E , for every B ∈ B and for every p, q ∈ B, d(h(p), h(q)) < ǫ/3.
Without loss of generality we can suppose that xσ ∈ ∪B for every σ ∈ Σ and
also since B is finite, we can suppose that there is B ∈ B such that xσ ∈ B for
every σ ∈ Σ.
Choose a xη. There exist σ ∈ Σ such that d(f(xη), fδ(xη)) < ǫ/3 for every δ ≥ σ.
Then
d(f(xσ), fβσ(xσ)) ≤
≤d(f(xσ), f(xη)) + d(f(xη), fβσ(xη)) + d(fβσ (xη), fβσ(xσ)) <
<ǫ,
a contradiction.
Thus {fσ : σ ∈ Σ} converges to f in (F (X,Y ), τUC). 
Let E ⊂ F (X,Y ) and let x ∈ X , denote by E [x] the set {f(x) ∈ Y : f ∈ E}.
We say that a subset E of F (X,Y ) is pointwise bounded provided for every
x ∈ X , E [x] is bounded in (Y, d).
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We say that a metric space (Y, d) is boundedly compact [5] if every closed
bounded subset is compact. Therefore (Y, d) is a locally compact, separable metric
space and d is complete. In fact, any locally compact, separable metric space has
a compatible metric d such that (Y, d) is a boundedly compact space [31].
Theorem 2.8. Let X be a locally compact space and (Y, d) be a boundedly compact
metric space. A subset E ⊂ (LB(X,Y ), τUC) is compact if and only if it is closed,
pointwise bounded and finitely equicontinuous.
Proof. Let E be a closed, pointwise bounded and finitely equicontinuous subset of
LB(X,Y ). Since E is pointwise bounded and the metric space (Y, d) is boundedly
compact, for every x ∈ X there exists a compact set Bx such that E [x] ⊂ Bx.
The product H =
∏
x∈X Bx is a compact subset of Y
X =
∏
x∈X{Yx : Yx =
Y for every x ∈ X} with the relative product topology.
Let {fσ : σ ∈ Σ} be a net in E . Now we will show that there is a function from
E which is a cluster point of {fσ : σ ∈ Σ} in (LB(X,Y ), τUC).
There is a function f ∈ H such that f is a cluster point of {fσ : σ ∈ Σ} in
H . Without loss of generality we can suppose that {fσ : σ ∈ Σ} converges to
f in H . By Lemma 2.7 {fσ : σ ∈ Σ} converges to f in (F (X,Y ), τUC). Since
E ⊂ LB(X,Y ), by Remark 2.2 also f ∈ LB(X,Y ) and thus f ∈ E , since E is closed
in (LB(X,Y ), τUC).
For the converse, suppose that E is a compact subset of (LB(X,Y ), τUC). The
set E is closed because (LB(X,Y ), τUC) is a Hausdorff space.
For every x ∈ X the evaluation map at x, ex : LB(X,Y ) → Y defined by
ex(f) = f(x) is continuous with respect to τp topology in LB(X,Y ) [21], and thus
it is continuous also with respect to τUC topology in LB(X,Y ) and so the image
E [x] of E is compact and thus is bounded.
For the proof of finite equicontinuity of E we use an idea of the proof of Theorem
5.7 in [19]. Let x ∈ X and let U be an open neighbourhood of x such that U = A
is compact. Let ǫ > 0, we define a finite family B of subsets of X as follows. By
the compactness of E in (LB(X,Y ), τUC), there are functions f1, ..., fn ∈ E such
that
E ⊂W (f1, A,
ǫ
3
) ∪ ... ∪W (fn, A,
ǫ
3
).
Since every function from E is locally bounded and A is compact, for every i ∈
{1, 2, ..., n} the set fi(A) is bounded. Fix point y0 Y and let r > 0 be such that
the set f1(A)∪...∪fn(A) is contained in the closed ball B(y0, r). Let V1, V2, ..., Vm
be a finite open cover of B(y0, r), where radius of members of this cover is less than
ǫ
3 . For every i ∈ {1, 2, ..., n}, j ∈ {1, 2, ..., m} put B
i
j = f
−1
i (Vj).
Let F be the finite set of all functions from {1, 2, ..., n} to {1, 2, ..., m}. For
every g ∈ F put Bg = U ∩B1g(1) ∩ ... ∩B
n
g(n).
Now put
B = {Bg : g ∈ F}.
We show that ∪B is a neighbourhood of x. Let z ∈ U , then there is g ∈ F such
that fi(z) ∈ Vg(i) and thus z ∈ B
i
g(i) for every i ∈ {1, 2, ..., n}.
Finally, let f ∈ E , let B ∈ B and let p, q ∈ B. There is a g ∈ F such that
B ⊂ B1g(1) ∩ ... ∩ B
n
g(n). Since E is subset of W (f1, A,
ǫ
3 ) ∪ ... ∪W (fn, A,
ǫ
3 ) there
exists i ∈ {1, 2, ..., n} such that f ∈ W (fi, A,
ǫ
3 ). Thus d(f(p), fi(p)) <
ǫ
3 and
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d(f(q), fi(q)) <
ǫ
3 . Because p, q ∈ B
i
g(i), we have that fi(p) ∈ Vg(i) and fi(q) ∈ Vg(i).
Then
d(f(p), f(q)) ≤
≤d(f(p), fi(p)) + d(fi(p)), fi(q)) + d(fi(q)), f(q)) <
<
ε
3
+
ε
3
+
ε
3
= ε.
Thus E is finitely equicontinuous. 
Theorem 2.9. Let X be a locally compact space, (Y, d) be a boundedly compact
metric space and F be a closed subset of (LB(X,Y ), τUC). A subset E ⊂ (F , τUC)
is compact if and only if it is closed, pointwise bounded and finitely equicontinuous.
We will now apply Theorem 2.9 to some special subfamilies of the space of locally
bounded functions.
Let X,Y be topological spaces. A function f : X → Y is quasicontinuous [28] at
x ∈ X if for every open set V ⊂ Y, f(x) ∈ V and open set U ⊂ X , x ∈ U there is a
nonempty open set W ⊂ U such that f(W ) ⊂ V . If f is quasicontinuous at every
point of X , we say that f is quasicontinuous.
We say that a subset of X is quasi-open (or semi-open) [28] if it is contained in
the closure of its interior. Then a function f : X → Y is quasicontinuous if and
only if f−1(V ) is quasi-open for every open set V ⊂ Y .
Let X be a topological space and (Y, d) be a metric space. A function f : X → Y
is said to be cliquish (apparentee) [30] if for any ǫ > 0 and any nonempty open set
U ⊂ X there is a nonempty open set O ⊂ U such that d(f(x), f(y)) < ǫ for all
x, y ∈ O.
It is well known (and easily seen) that quasicontinuous functions are cliquish,
and cliquish functions are continuous at every point of a residual subset of X (and
vice versa if X is a Baire space).
The notion of quasicontinuity of real-valued functions of real variable was in-
troduced by Kempisty in [22]. The property of quasicontinuity was perhaps the
first time used by Baire in [4] in the study of points of continuity of separately
continuous functions. There is now a rich literature concerning quasicontinuity, see
for example [28], [23] and references therein.
Quasicontinuous functions are very important in many areas of mathematics.
They found applications in the study of minimal usco and minimal cusco maps
[12, 13], in the study of topological groups [6, 27], in proofs of some generalizations
of Michael’s selection theorem [9], in the study of extensions of densely defined
continuous functions [17], in the study of dynamical systems [7].
It is a well-known fact that a uniform limit of a net of quasicontinuous functions
from a topological space X into a metric space (Y, d) is quasicontinuous [28]. It is
easy to verify that a uniform limit of a net of cliquish functions from a topological
space X into a metric space (Y, d) is cliquish.
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Baire functions from a topological space X into a metric space Y [11, 10] are
called the analytically representable functions in [24]. By Baire functions we mean
the smallest family of functions from X to Y containing the continuous functions
which is closed with respect to the pointwise limits of sequences of functions belong-
ing to it. We divide this family into Baire classes Bα(X,Y ), for 0 ≤ α < ω1 (ω1 =
the first uncountable ordinal), by defining B0(X,Y ) = the family of all continuous
functions from X to Y , and
Bα(X,Y ) = the family of all limits of pointwise convergent sequences of functions
from
⋃
β<αBα(X,Y ).
Corollary 2.10. Let X be a locally compact space, (Y, d) be a boundedly compact
metric space and Q∗(X,Y ) be the set of all quasicontinuous locally bounded func-
tions from X to Y . A subset E ⊂ (Q∗(X,Y ), τUC) is compact if and only if it is
closed, pointwise bounded and finitely equicontinuous.
Proof. By Proposition 2.1 in [14] Q∗(X,Y ) is a closed subset of (LB(X,Y ), τUC).

Corollary 2.11. Let X be a locally compact space, (Y, d) be a boundedly compact
metric space and A∗(X,Y ) be the set of all cliquish locally bounded functions from
X to Y . A subset E ⊂ (A∗(X,Y ), τUC) is compact if and only if it is closed,
pointwise bounded and finitely equicontinuous.
Proof. It is easy to verify that A∗(X,Y ) is a closed subset of (LB(X,Y ), τUC). 
Corollary 2.12. Let X be a locally compact space and U∗(X) be the set of all locally
bounded upper semicontinuous functions from X to R. A subset E ⊂ (U∗(X), τUC)
is compact if and only if it is closed, pointwise bounded and finitely equicontinuous.
Proof. It is easy to verify that U∗(X) is a closed subset of (LB(X,R), τUC). 
Corollary 2.13. Let X be a locally compact space and L∗(X) be the set of all locally
bounded lower semicontinuous functions from X to R. A subset E ⊂ (L∗(X), τUC)
is compact if and only if it is closed, pointwise bounded and finitely equicontinuous.
Proof. It is easy to verify that L∗(X) is a closed subset of (LB(X,R), τUC). 
Corollary 2.14. Let X be a compact space and B∗α(X,R) be the set of all bounded
functions of Baire class α from X to R. A subset E ⊂ (B∗α(X,R), τU ) is compact if
and only if it is closed, pointwise bounded and finitely equicontinuous.
Proof. By [29] 2.10.3 if (fn)n is a sequence in Bα(X,R) which uniformly converges
to f , then f ∈ Bα(X,R). 
Corollary 2.15. Let X be a compact metrizable space, (Y, d) be a boundedly com-
pact metric space and B∗α(X,Y ) be the set of all bounded functions of Baire class
α from X to Y . A subset E ⊂ (B∗α(X,Y ), τU ) is compact if and only if it is closed,
pointwise bounded and finitely equicontinuous.
Proof. By [20] 24.4 i) if X,Y are separable metrizable spaces, d is a compatible
metric for Y and (fn)n is a sequence in Bα(X,Y ) which uniformly converges to f
with respect to d, then f ∈ Bα(X,Y ). 
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3. Necessary conditions of compactness of some families E
In this part we will describe the family B in the definition of finite equicontinuity
for such families E in LB(X,Y ) which consist of functions with a dense set of
continuity points.
We will use the following definition introduced in [18] for the space of locally
bounded functions.
Definition 3.1. Let X be a topological space and (Y, d) be a metric space. We
say that a subset E of F (X,Y ) is densely equiquasicontinuous at a point x of X
provided that for every ǫ > 0, there exists a finite family B of nonempty subsets of
X which are either quasi-open or nowhere dense such that ∪B is a neighbourhood
of x and such that for every f ∈ E , for every B ∈ B and for every p, q ∈ B,
d(f(p), f(q)) < ǫ. Then E is densely equiquasicontinuous provided that it is densely
equiquasicontinuous at every point of X .
Remark 3.2. In Definition 3.1, replacing quasi-open by open gives an equivalent
concept.
Theorem 3.3. Let X be a locally compact space, (Y, d) be a boundedly compact
metric space and E be a compact subfamily of (LB(X,Y ), τUC) which consists of
functions with a dense set of continuity points. Then E is densely equiquasicontin-
uous.
Proof. We will use an idea from Theorem 3.8 in [14], for a reader’s convenience we
will write the proof. We show that E is densely equiquasicontinuous. Let x ∈ X
and let ǫ > 0. We will define a finite family B of subsets of X which are either
open or nowhere dense as follows. There is an open set U(x) containing x such that
A = U(x) is compact. There are functions f1, f2, ...fn ∈ E such that
E ⊆ ∪{W (A, ǫ/3)[fj] : j ∈ {1, ..., n}}.
Since fj is locally bounded, for every j ∈ {1, ..., n}, fj(A) is compact. Let
V = {V1, ..., Vm} be a finite open cover of ∪{fj(A) : j ∈ {1, ..., n}} where radius of
members of this cover is less than ǫ/3.
For each i ∈ {1, ...,m} and j ∈ {1, ..., n}, let
Hji = {z ∈ U(x) ∩ C(fj) : fj(z) ∈ Vi},
where C(fj) = {z ∈ X : fj is continuous at z}. By the assumption C(fj) is
dense in X . For each z ∈ Hji , let W
j
i (z) be an open neighbourhood of z such that
fj(W
j
i (z)) ⊆ Vi. Denote by
W ji =
⋃
{W ji (z) : z ∈ H
j
i }.
Put
U = {W 1i1 ∩ ... ∩W
n
in
: ij ∈ {1, ...,m} for each j ∈ {1, ..., n}}.
Let U ∈ U and let
P ji (U) = {z ∈ U \ U : fj(z) ∈ Vi}.
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Now, put
P = {P 1i1(U) ∩ ... ∩ P
n
in
(U) : ij ∈ {1, ...,m} for each j ∈ {1, ..., n}, U ∈ U}.
We claim that U(x) ⊂ (∪U) ∪ (∪P). Let z ∈ U(x), if for every j ∈ {1, ..., n}
there is ij ∈ {1, ...,m} such that z ∈ W
j
ij
, then z ∈ W 1i1 ∩ ... ∩W
n
in
and so z ∈ ∪U .
Let z ∈ U(x) \ ∪U . Let G be a neighbourhood of z. Choose some u ∈ G ∩C(f1) ∩
... ∩ C(fn). Then for every j ∈ {1, ..., n}, u ∈ W
j
ij
for some ij ∈ {1, ...,m}. Thus
u ∈ G ∩W 1i1 ∩ ... ∩W
n
in
and so z ∈ ∪U . Hence there is U ∈ U such that z ∈ U \ U .
From this follows that for every j ∈ {1, ..., n} there is ij ∈ {1, ...,m} such that
z ∈ P jij (U) and then z ∈ ∪P . Hence (∪U) ∪ (∪P) is a neighbourhood of x.
Finally, let B be the family containing all nonempty sets from U and P . One can
check that for every f ∈ E , for every B ∈ B, and for every p, q ∈ B, d(f(p), f(q)) <
ǫ. 
Corollary 3.4. ([18, 14]) Let X be a locally compact space, (Y, d) be a boundedly
compact metric space and E be a compact subfamily of (Q∗(X,Y ), τUC). Then E is
densely equiquasicontinuous.
Proof. By [29] 2.11.3 if f : X → Y is quasicontinuous, then the set C(f) of the
continuity points of f is a dense Gδ-set in X . 
Corollary 3.5. Let X be a locally compact space, (Y, d) be a boundedly compact
metric space and E be a compact subfamily of (A∗(X,Y ), τUC). Then E is densely
equiquasicontinuous.
Proof. By [29] 2.11.3 if f : X → Y is cliquish, then the set C(f) of the continuity
points of f is a dense Gδ-set in X . 
Corollary 3.6. Let X be a locally compact space and E be a compact subfamily of
(U∗(X), τUC). Then E is densely equiquasicontinuous.
Proof. By [8] if f ∈ U∗(X), then the set C(f) of the continuity points of f is a
dense Gδ-set in X . 
Corollary 3.7. Let X be a locally compact space and E be a compact subfamily of
(L∗(X), τUC). Then E is densely equiquasicontinuous.
Proof. By [8] if f ∈ L∗(X), then the set C(f) of the continuity points of f is a
dense Gδ-set in X . 
Corollary 3.8. Let X be a compact space and E be a compact subfamily of (B∗1(X,R), τU ).
Then E is densely equiquasicontinuous.
Proof. By [29] 2.10.1 if f ∈ B∗1(X,R), then the set C(f) of the continuity points of
f is a dense Gδ-set in X . 
We say that a subset E of F (X,Y ) is uniformly bounded provided
⋃
{f(X) :
f ∈ E} is contained in a compact set in (Y, d). Notice that if Y = R it coincides
with the classical notion of uniform boundedness.
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If (Y, d) is a metric space, denote by K(Y ) the space of all nonempty compact
sets in (Y, d). Let Hd be the Hausdorff metric induced by d on K(Y ). It is known
that
Hd(A,B) = inf{ǫ > 0 : A ⊂ S(B, ǫ) and B ⊂ S(A, ǫ)}.
Proposition 3.9. Let X be a compact topological space and (Y, d) be a boundedly
compact metric space. If E is compact in (LB(X,Y ), τU ), then E is uniformly
bounded.
Proof. The mapping
M : (LB(X,Y ), τU )→ (K(Y ), Hd)
defined by M(f) = f(X) is continuous.
Let {fn : n ∈ N} converge to f in (LB(X,Y ), τU ). We will show that {fn(X) :
n ∈ N} converges to f(X) in (K(Y ), Hd). Let ǫ > 0. There is n0 ∈ N such that
d(fn(x), f(x)) < ǫ/2 for every x ∈ X and for every n ≥ n0.
We claim that Hd(fn(X), f(X)) < ǫ for every n ≥ n0. Let n ≥ n0 and let
y ∈ fn(X). There is x ∈ X such that d(y, fn(x)) < ǫ/2. Then d(y, f(x)) < ǫ, i.e.
fn(X) ⊂ S(f(X), ǫ). The opposite inclusion is similar.
Thus M(E) is compact in (K(Y ), Hd). Then
⋃
f∈E f(X) is compact in Y [25].
(The Vietoris topology and the Hausdorff metric topology coincide on K(Y ).) 
If X is a compact space and (Y, d) is a metric space, then τUC = τU on F (X,Y ).
Since (LB(X,Y ), τU ) is metrizable, we have the following interesting consequences
of our results:
Corollary 3.10. Let X be a compact space and (Y, d) be a boundedly compact met-
ric space. If {fn : n ∈ N} is a sequence of uniformly bounded finitely equicontin-
uous quasicontinuous functions from X to Y , then there is a uniformly convergent
subsequence {fnk : k ∈ N}.
Corollary 3.11. Let X be a compact space and (Y, d) be a boundedly compact met-
ric space. If {fn : n ∈ N} is a sequence of uniformly bounded finitely equicontinuous
cliquish functions from X to Y , then there is a uniformly convergent subsequence
{fnk : k ∈ N}.
Corollary 3.12. Let X be a compact space. If {fn : n ∈ N} is a sequence of
uniformly bounded finitely equicontinuous upper semicontinuous functions from X
to R, then there is a uniformly convergent subsequence {fnk : k ∈ N}.
Corollary 3.13. Let X be a compact space. If {fn : n ∈ N} is a sequence of
uniformly bounded finitely equicontinuous lower semicontinuous functions from X
to R, then there is a uniformly convergent subsequence {fnk : k ∈ N}.
Corollary 3.14. Let X be a compact space. If {fn : n ∈ N} is a sequence of
uniformly bounded finitely equicontinuous functions of Baire class α from X to R,
then there is a uniformly convergent subsequence {fnk : k ∈ N}.
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